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Absiract In this paper, we present a Backlund transformation for a higher-order Ito equa- 
tion and prove a nonlinear superposition formula under certain conditions. Thefore,  the 
integrability of the higher-order Ita equation is confirmed. 

1. Introduction 

The so-called It0 equation reads [ 11 

D,(D, +D:)f . f= 0 

where the bilinear operator ZD: is defined by [2] 

Until now, much research on this equation has been conducted [ l ,  3,4]. In [l], Ito 
presented a higher-order version of (1) 

(6D,D, + D:D, - SD;D:)f.f=O (24 

D,(D, + D:)f . f=o (W 
and examined numerically that (2) has 3-soliton solution, where r is an auxilary vari- 
able. In what follows, we refer to (2) as the higher-order Ito equation. To our knowledge, 
there are no further results on (2). Thus the integrability of the higher-order Ito equation 
remains to he conlkmed. 

In this paper, we present a Backlund transformation for (2) and prove a nonlinear 
superposition formula under certain conditions. Therefore, the integrability of the 
higher-order Ito equation (2) is confirmed. 

with 

2. A BT for the higher-order It0 equation 

We obtain the following result: 
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Proposition. A BT for (2 )  is 

(D ,+3y2Dx-  3yD:+D:-X) f f=O ( 3 4  

( D x D S  - P D ~  - Y D ,  + y ~ ) f . f  = 0 (36) 

(6D,+D;- 5D:Dr-5yD:- SPD:+5AD:+ 10ypDx- 1 0 A y D x + k ) f f = O  ( 3 4  

where A, p, y, k are arbitrary constants. 

Proof: Letfbe a solution of (2).  If we can find three equations which relatefwithf 
such that 

P, =D,(D, + ~:)f’.f= 0 

P2 = (6D,D, + 020, - 5D:D:)f. f = 0 

this is then a ET. Here we show that ( 3 4  b, c) indeed provides a ET for (2). 

suflices to show that P2=0. Making use o f  (A.l)-(A.6), (3n, b, c), we have 

- f2P2 =f2(6D,D, + 020, - 5D:D:)f f 

According to [4,5], we know that P I  = O  can be proved in terms of ( 3 4  b). Thus it 

-f2(6D,D, + D:Dr- 5D:D:)f’ .f 

- 5[D,(D, + D:)ffl(Dy.f) + 5[Dr(Dz + D : l f , f I ( D 9 . f )  

(A.I)-(A.3) 
= 1 2 D , ( D c f f ) . f f + 2 D , ( D ~ . f ) . f f  

+ lOD,(D:ff’). ( D : f f ) +  lOD:(D$f’). (D,D,ff’)  

- 10Dz[(D:Dzff) .ff + (&ff’). ( D 2 . f )  + V2f.f). (DJ%ff.f)l 

(3o.b) 
= 20,[(6D,+D:-SD:D,)ff] ,ff 
+ l O D , ( D ~ ~ f ) .  [(-3fD,+ 3yD:+ A ) f f ]  

+lOD:(D$f).[CuD,+~D,-yp)ffl 
- 7 - O D O f . f ) . [ W x +  Y D T -  y p ) f f l  

(A4) 
= 2Dr[(6D, + 0: - 5 0 2 0 ,  + 5AD: + lOypDJff’I.ff 

- 3 0 y 2 D r ( D 2 f f ) .  ( D 2 f )  + lOyD:(D$f) ‘ ( D , f f )  

- l O y p D ~ ( D $ f ) . f f - 2 0 y D , ( D $ f ) .  (Dcff) 

(A.5) 
= 20,[(60,+0:-50:0,+5AD20:+ IOypD,)f.fI.ff . 

- 3 0 r 2 D r ( D 9 . f ) .  ( D d f )  + IOyD:(D,D,ff).ff 
- ~OYDJ(DV.Y) .ff + 2 P J f )  ’ (D:ff)l 

- lOy~D:(Df.f) .ff*-20yD4Dff)~ (Drff’) 
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= 2Dr[(6D,+D:- 5D:D,+ 5;tD:+ lOypD,- 5 y D : ) f f ’ l .  ff 
-30y2Dr(DY.f ’ ) .  (D,f f ’ )  + 10rD:t(YDr- fb l f f ’ l  .ff’ 
-2OyD, (Df . f ) .  [ ( -3yZDx+ 3 y D : + L ) f f ’ ]  

5897 

(3nL)  

lA.4) 
= 2 0 , [ ( 6 0 , + 0 : - 5 0 ~ 0 , + 5 a D ~ +  l O ~ p D ~ - 5 y D ~ - I O L y D ~ ) f . f ’ ] . f f ’  

- 30y2Dr(D?..f). ( D f . f ’ )  + lo?D:(Dzff’) .ff 
- 6 0 ~ ~ D O f . f ) .  ( D 2 . f ’ )  

= 2Dr[(6D, + 0: - 50 .3 ,  + 5kD: + lOypD,- 5yD4,- 10LyDx)f . f ’ ] ,  ff’ 

+ 10y2D:(Dcff’)  .Sf’+ 3 0 ~ ~ ~ d ~ f . f ) .  ( D x f f ’ )  

(A.6) 
= 2D,[(6O,+D:-5D:Dr+ SAD:+ lOypD, 

- 5yD: - IOLyD, + 5y’D:)f . f l .  ff’ 

= o  (3cXA.4) 

Thus we have completed the proof of the proposition. 

3. Nonlinear superposition formula of the higher-order It0 equation 

In this section, under certain conditions, we establish nonlinear superposition formula 
of the higher-order It0 equation. In the following discussion, we set y=k=O in BT (3) 
for the sake of convenience in calculation. In this case ( 3 )  becomes 

(D, + 0:- n ) f f  =o (30’) 

( D A - p D , ) f . f = O  (3b’) 

(6D,+D:-5D~D.D,+SaDZD:)ff=0. ( 3 4  

Letfo be a solution of the higher-order 1to.equation ( 2 ) , f , # O .  Suppose thatA(i= 1,2) 
is a solution of (2) which is related to fo under BT (3’) with ( & , p i ) ,  i.e. 
fo-f;(i= 1,2), and thatfiz is defined by t&r)  

DJo.fia= CDJI .s? (where c is a non-zero constant) (4) 

From these assumptions, we deduce that [4] 

1 1 
Dzfi  .f2 + (PI - p 2 ) f i h  +- DZh0fi2 -- (PI + p 2 ) f o f i z  = C l @ ,  .If; 

o ~ , ~ f i ~ + ~  D % J ~ + , D P ~ ~ . L - ~ ~ ~  +a2)fof i2=cz( t ,  7)f; 

( 5 )  

16) 

( 7 )  

c C 

3c 1 

1 3 - 021 .I; + D A  .fi - (&- 2, )fi fi + 4~ D>o.fiz= 0 
4 
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where c.(t, s)(i= 1,2) is some function of t ,  r. Here and in the following, we assume 
that there exists a h 2  determined by (4) such that c1(4  r)=O in (5) and cz(t, r)=O in 
(6), i.e. 

(5 ' )  
1 1 

D,fi .fi+ (PI - ~ 2 ) f i f i + -  Dzfo.f iz--  (PI + ~ 2 1 f o f 1 2 = 0  
C C 

(6') 
1 3c 

D,fo.fi2 +; D 2 0 . f i z + ,  0% .h- (a1 +&)hfi* =o 

which implies, by using (7), (W), that 

1 1 1 1 
2 C C 

In this case, we have [4] 

- D% .fi - ~~h .fi + (& - a1)hh =% oYof0fi2 -- ~ , f o . f i ~  +- (a, + & ) f o f i 2 .  (8) 

( D ~ D ~ - ~ c z D ~ ) f i  . f i 2 = 0  

( D A - P  i&)h . f i 2  = 0 

(D, +& - &M .fiz =o 
(D, +D: - a,)h,fi2= 0: 

Next, we have 

0 = [ ( 6 D , + D : - 5 D : D , + 5 n , d , ) f o . f i ] f i - [ ( 6 D , + D : - 5 0 : 0 ~ + 5 ~ ~ ~ h ] f i  
(A.7-&IO) 

= . - 6hW1 .fi- 5h-M .fi f lOfo0,(DJi .hL 
5 5 

--fO,[D~~.fi+3(Dfi.f2),,1 2 + ~ f o ~ [ D ~ f i f i + ( D f i ~ f i ) x x l x  

1 
16 

- -fo[D31 .fi f lO(D% . f i ) x x +  5 ( w l  . f i ) ~ X X X I  

f 10foJfi .fi+ 5fOAhfi'.h - 5fox1(Dfi .fiL + ( D J I  .h)d 
5 

- 5 f o , ( w l  . h ) x  + p D : D A  .fi + (ah .&x+ Wfi  . f i ) x d  

-5(~-a,)fo, f i f i -  5 fo~a ,  + n 2 ) ~ ~ l . f i + ( a l  -a2)(fih)~i 

+-(al + a 2 ) f o ( ~ ~ . f i ) r + i  ( n , - & ) f o [ ~ ~ , . f i + ( f i f i ) ~ ~ i  5 5 
2 

1 
16 = fo -6Dtfi.h-- D% ,h 

- i [ G D ~ . x 2 - -  5 1  1 D7fo.fiz+- 1 (al+wfofi2] 

i (4.8) 

C C 
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5 5 5 
-- ( ~ & . f i ~ ) ~ ~ ~ ~ + -  ( ~ ~ + & ) ( ~ & . f i ~ ) ~ + ~  (a,-&)o?d.fi 

+- ~ : ~ , f i . h + ~  (~&. f i~h .  

16c 2c 

5 5 
4 

5 10 
1 

--fo=J)fo . f i2  + - foJDf0 ' f i 2 h  
C C 

1 1 1 
- 5 4 ;  D ~ f i z - - ~ ~ f o . f i ~ + -  C C (al+az)fofi2 

15 
2c - - - f o , ( W o  . f i z L  

+ 5 - f o ~ [ 2 c D ~ 0 ~ f i 2 - - D , f a . f i 2 + -  1 1 1 (Al+k2)fofi2] 
C C x 

5 5 10 
+ ,fo.(~~~~fi3~~- - (a,   fop^^ .fi2 + -fogdo .ha 

C C 

5 5 
--fo.@f0foh2)~ - - f o , ( D f o . f 1 2 ) ~  

C C 

1 5 5 =fo { -6Dd .h -16 0% .h+i (1, - &)PA .fi+ 4 D%fi.fi 

I 15 15 15 -- 4c ( & + & P > o f o f i 2 - =  D.3"0f0.fi2+, D:D,fo.fiz 

which implies that 

1 5 5 
16 4 

- 6 D d  .fi-- D%, f i  + - (Ai - &)D%fih +i D:Dvfi .h 
(9) 15 15 15 

4C 4c -- (a, + & ) ~ > ~ . . f i ~ - ~  oy0.fi2 + - o:o,fo.fi2 = 0. 

Moreover, from 

[(D, + 0: - Ai)fo.fi]A- [ (Dr  + 0: - & ) f o ' h ] x d  = O  

we obtain, by using (A.ll), (A.121, (4), (63, (8) 

1 1 1 1 
16 4 16c 

1 1 
4c 4c 

-- oxl&-- D : D J ~ ~ - ~  (al-az)~>i~h+- o%hZ 

(10) 4- D:Drh.fiz-- (AI +Az)D?ofo.fiz=O. 
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Further, from 

[(6Dt+D:- 5 ~ ~ D r + 5 ~ i D % a . f i l f 2  

-[(60,+D:-5D;Dr+ S&@)fo.filfi 

+ 5[(D, + D: - Ai)fo.filx.yfz - 5I(D, +D: - & ) f O . l ; l d i  = O  

we obtain, by using (A.13)-(A.16), (4), (U), (8)-(10) 

fix[: Drfo.fi2+- D%.fi2-- D%fO.fi2-- D;Drfififi 
1 5 15 

16c 4c 4 

15 5 15 
4 

-- (a, -a2)D% .h+4, (al + . z ? ) ~ ~ . f i ~ + ~  DX ,fi] 

5 15 
4 , o i 2 - - D ~ . f i 2 + - D : D r f o . f i 2 + - D : D r ~ . f 2  +-fo - - D f . f  ' 

2 c  16c 4c 

15 
4 4c 

- 
5 15 

1 r 6  
f-  (a, -&)DY, .h-- (a, + a2)D%fi2-16 D 3  $1 =o 

x 

which implies that 

6 1 5 15 
C 16c 4c 4 
15 5 15 
4 4c 16 

-- Dtf0.fi2 -- D30fo.fi2+ - D:D,fO.fi? +- D:D,fi .fi 

+- (aI-&)~%.fi-- (aI+a2)~%fi2--  o%.l;=c3(t, T)A 
(11) 

where c3(t, z) is some function of l, T .  Furthermore we assume thatfi2 determined by 
(4) is chosen such that c3(t, z)=O, i.e. 

6 1 5 15 
C 16c 4c 
15 5 15 

--Dcfo.fi2--D:f0.fi2+-D:Drf0.fi2+q D:D,fi.fi 
(12) 

+- 4 ( n , - & ) ~ % ~ l ; - ~  (a, +&)0Y0~fi2-, ~ 3 ~ ~ f i = o .  

Then, similar to the deduction of (9), we can obtain 

(6O,+D:-50:0,+5/29:)fi.fiz=O 

(6D,+ 0: - SD:D, t 511D:)f2.fiz=O. 

Therefore& is a new solution of the higher-order Ito equation (2) which is related to 
fi a n d h .  

To sum up, we can obtain some particular solutions via the following steps. First 
choose a given solution o$t$) higher-order Ito equation (2). Second from the BT (Y), 
find fi andfi such that fo--+fi (i= 1,2) and, further, obtain a particular solutionJ2 
from (4). Then a general solution of (4) isfi,=k(t. z)fO+yI2 (where k(t ,  r )  is an arbi- 
trary function of k, 5 ) .  Finally substitute fi2 into (5), (6) and (11). If k(t ,  r )  can be 
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determined such that ci(t, r) = O  (i= 1,2,3), the correspondingfi2 is a new solution of 
the higher-order Ito equation. For example, we have 

where qi=pix-p:z-plt+ 77, and p i ,  7: are constants (i= 1,2). So 

P B  - en + , ? t _ P & !  + m  
P: +p: PI +P2 

is a solution of (2). 

where 

F= 
P:+P: p:+p: p;+p: p:+p3 

3 3  3 -  3 
p i  -p3 eq2-P!q e l l , + P l !  e"l+?z +n Pl+P3 d + P 2  Pl+P? 

+ P c  eq2+q,+P- eq,+q,+(Pl-P3)(Pl -P2)(P2-P3) e n l + ~ 2 + q l  

P2+P3 P1+P3 (PI +P3)(P1 +P2KPZ+P3) 

and qj=pix-p:r-p!t+ $ , p i ,  $are constants (i= 1,2,3). So Fis a 3-soliton solution 
of (2), which confirms Ito's numerical result. 

where rl =px-p37 -p5t + 7'. p. qo are constants. so 

is also a solution of (2) 
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Appendix 

The following bilinear operator identities hold for any arbitrary functions a, b, c and 
d :  

(A.1) (D,D@. a)bz -a2D,D$. b = 2D,(D@. 6 )  ' a b  

(D:Dp ' a)bz - azD:D,b. b+ 5(D:Db. b)(D$z.a) - 5(D:D,a. a)(D:b. b )  (A.2). 
=2D,(Dh.  b ) .  ab+ lOD,(Dk. b)  . ( O h .  b )  + 10D:(DXa. b ) .  (D,D,a. b )  

(A.3) 

D$+'a.a=O (A.4) 

(D:D:a. a)bz -U 2 2 2  D,D,b. b + ( D h .  a ) ( D a .  6 )  - (#b. b)(@s ' a)  

=2Dt[(D:Dp. 6). ab + ( D P .  b ) .  ( D k .  b) + 2(D,p. b).  (D,Dp. b)]  

D:[(D,Dp. b) .ab+ ( D P ,  b)  ' (0s. b)] = D , [ ( D k .  b )  ' ab + 2(D&. b) .  ( D k .  b)] (AS)  
D:(Dp. b) . ab=D,[(Dh.  b)  ' ab + 3(D#. b ) .  ( D k '  b )]  

( D p  , b)c - (Dta. c)b= -&,b. c 

64.6) 

(A.7) 
5 ( O h .  b)c- ( D s .  c)b=-5am,D&.c+ lOa,(D&~ c X  

5 5 
2 2 

- --ax,[D3 ' c + 3(D&. c ) ~ ]  + - U , [ D ~ .  c + (D& . c ) J X  

U - - [@b. C+ l O ( D 3 .  c ) * ~  + 5(D,b. c)-J (A.8) 16 

(D:Dp.  b)c- (D:D@. c)b = -2a,,D&. c- a,,D$' c 

+a,[(D,b.c),+(D$'~),l +ay(Dxb.c)x 

(A.9) 
U - - [D:D$ ' C+  (D,b. c ) ~ ~ +  2(D&. c),] 
4 

1 1  ( D k  . b)c - &(D$za c)b = (A, - &)a,& 

-ax[(& + W ' & . c + ( ~ z ,  - W ( b c b l  +a[&bx~-&bcrx l  (A.lO) 

(Ds.b),c-(Dk,c),&=-a~~~~D&.c-2a,(D,b.c), 
1 1 
2 2 

+ - u , , [ D ~  ' c + 3(D& ' c).J + - U J D ~ .  c + (D& ' C ) J ~  

U - - [D:b. c + 1 O( D 3 .  c)~. + 5( D&. c ) ~ ~ ~ ~ ]  ( A . l l )  16 
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(D,~z.b),c-(D,a.c)~&=2a,,D&. c-a,,D,b.c 

-axt(Dxb. ~ ) ~ + ( D y b . c ) , l + a , ( D ~ . c ) ,  

(A.12) 
a 
4 

-- [D:D,b. C +  (Dyb. c ) ~  +2(D,b ' c),] 

(Dza. b),c- (Ob. c)&+ 5(Dh.b),&- 5(Dka c ) ~ &  

=-4a,,,,D&.c- 10a,(D,b. ~)~+5a,,[(D:b. ~)~+(D&~c) , , l  

1 
4 

3 
8 

+ - a,[&b- c + 10(@&. c),+ 5(0&. c)xzxx] 

-- a[3(D;b.c),+ 10(D:b.c),+ 3(D,b. c),.& (A.13) 

(A. 14) 
1 
2 

(D@. b),c- (Dp . c)&= a,D&. c-a,D,b. c-- a[(D,b. c), + (Db. c)J 

a,(Dka-b) ,c-&(Dka.  c)b-n,(ab),c+&(ac)d 

1 
' = -2ax{(al + ~ o > .  c). +z (A ,  - wo2.  c+ (bc),]} 

-2a,[(~, +?do&. C+ (a, -nZ)(bc),l (A.15) 

(D:Dya. b),c- ( e D , ~ z .  c)& - (Dya. b),c+ (D#. c),b 

= - ~ u ~ & . ~ - ~ , ( D , b . ~ ) , + 2 a , , t ( D & . ~ ) y + ( D ~ . ~ ) , l  

+a,[D:D,b. c+ (D$. c ) ~ ~  + 2(D& ' c),] (A.16) 
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